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Gyrostat Trajectories and Core Energy

M. Guelman*
International Telecommunications Satellite Organization, Washington, D.C.

A geometric study is performed of the angular momentum trajectories for platform axes of an asymmetric and
dynamically unbalanced gyrostat with a constant rotor/platform relative rate. A new relation is established between
these trajectories and the core energy. Based on this relation, the effects of energy dissipation, both in the rotor and
platform, on the gyrostat stability is analyzed.

Introduction

TORQUE-free, rigid-body gyrostat dynamic behavior has
been rigorously studied in the past in analytical terms1'2

and by qualitative methods.3 Actual spacecraft of the gyrostat
type contain flexible parts, dampers, and fuel slosh, all of which
are sources of energy dissipation and that sensibly modify the
system's dynamic behavior.

The analysis and simulation of dissipative spacecraft is so
difficult that workers in this field have often resorted to heuris-
tic methods in order to be able to design such systems. One
such method is the so-called energy-sink approach, widely em-
ployed for the analysis and design of dual spin spacecraft.4"6

Even though the use of this technique in many cases pro-
vided the right answers for a successful spacecraft design, it was
accompanied by strong disclaimers and even counterexam-
ples,7 in particular for the case of systems containing driven
rotors. The main contention has been that the presence of
driven rotors necessarily implies energy sources, contradicting
the basic assumption that in the presence of passive dissipation
devices the rotational kinetic energy is a decreasing function of
time.

In Ref. 7 a new hypothesis was advanced, and further stud-
ied in Ref. 8, that for a system containing a driven rotor and a
dissipative device in the platform, the rotational kinetic energy,
less that due to the rotor rotation, relative to the platform itself
(a so-called "core" energy) is effectively a decreasing function
of time.

The purposes of this work are 1) to perform an analytic-geo-
metric study of the attitude motion of a gyrostat with an asym-
metric unbalanced platform and symmetric balanced rotor
with a constant rotor/platform relative rate, 2) to establish a
relation between the system attitude integral curves and the
gyrostat "core" energy, and 3) to determine the system behav-
ior under energy dissipation.

The System Model
In Fig. 1 a gyrostat is depicted with a balanced and symmet-

ric rotating rotor and an asymmetric and dynamically unbal-
anced platform.

The platform and rotor tensors of inertia in their own fixed
coordinates, referring to the spacecraft center of mass, are
respectively defined by
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The column matrix of components of the total spacecraft angu-
lar momentum decomposed along the platform axes is given by

h = Iwp + hr (3)

where wp is the column matrix of the three components of
angular velocity of the platform resolved along the platform, 7
is the gyrostat tensor of intertia in platform fixed coordinates,
defined by

A 0 -713

0 72 0
~/i3 0 73 .

and hr is defined by

ir=7^r = (0, 0, hr)T

(4)

(5)

where wr = (0, 0, wr)ris the rotor to platform relative angular
rate, hr = 7f wr and T denotes the transpose matrix.

The system equations of motion with no external torques are
defined by

h + (wp x h) = 0 (6)

where wp x is the matrix that stands for the vector product
operation, i.e.,

0 - wP3 w^ '
wP3 0 - wpl

\_--Wp2 WPl 0

(7)

with the dot denoting the component-wise time derivative d/dt.
Substituting wp from Eq. (3) into Eq. (6)

L/JL JL \ ^ JL _ f\ /o\\n — nrj x n — u v*/

Development of Eq. (8) gives

A2 = (a, -

A2 = (a2 -
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where kl9 h2, h3 are the components of h in platform coordi-
nates and ai9 a2, a3 are the components of the [/] ~* matrix,

For

[7]-1
0! 0 C

0 d2 0
c 0 a3

with

(12)

(13)

(14)

(15)

(16)

Eqs. (9-11) define the dynamic behavior of the gyrostat.
The Analytic Solution

Even though this system is highly nonlinear, a closed-form
solution can be obtained for the case of a constant rotor to
platform relative rate, as will now be shown.

Since there are no external torques

= h2 (17)

Now, since wp is normal to Wp x h it follows from Eq. (6)

Substituting wp from Eq. (3) into Eq. (18)

{[/]-^-A)}^=0

For a constant rotor to platform relative rate

h = h-hr

Substituting Eq. (20) into Eq. (19) and rearranging

(J-JM/H*-*r).-0

It follows that

(h-hr)T[I]-\h-hr)= const

(18)

(19)

(20)

(21)

(22)

Developiment of Eq. (22) in terms of its components and taking
into account the relation (17) gives

- ajhi + (a3 - a2)hl ^ - 2a3hrh3 = k (23)

where k is defined by the initial conditions.
This integral is a conic, whose indicator is defined by

/ = (a2 - a^(a3 - a2) + c2 (24)

The sign of the indicator will define whether this conic is a
hyperbola or an ellipse.

In terms of the system moments of inertia, assuming
/i3 < /!/3 (which is normally the case), the indicator i is positive
for

where

(25)

(26)

(27)

i is negative, implying that the integral is an ellipse. The limit-
ing case 72 = 7* corresponds to two straight lines.

The system integral curves are then defined by the intersec-
tion of the conic cylinder, defined by Eq. (23) (With a hyper-
bolic qr elliptic cross section, depending on the values of the
moments of inertia) with the sphere defined by Eq. (17). These
integral curves in the hl9 h2, h3 space are symmetric with respect
to the hi9 h3 plane.

The Geometric Analysis
The analytic solution obtained in the previous section en-

ables us to study particular trajectories of the system. However,
these trajectories do not provide a general picture of the system
behavior over the entire state space. For this purpose, use will
now be made of geometric methods. The use of these methods,
together with the integral curves previously obtained, will
provide the general picture of the system behavior.

In order to perform the geometric analysis, the equilibrium
points of the system will have to be first determined.

The equilibrium points are determined by the following three
equations, corresponding to the null values of fil9 Ji2, /J3,

= 0

ch2
l-chl-(al-a3)hlh3-a3hrhl

h2[(a2- ̂ i-

(28)

(29)

(30)

together with Eq. (17).
The behavior of these equations will now be studied in the

hl9 h3 plane.
The intersection of the hi9h3 plane and the sphere 5, defined

by Eq. (17), defines a circle C of radius /*, centered at the origin.
This circle delimits in the A!, h3 plane the existence region of the
system solutions.

Eqs. (28-30) define three different surfaces in the state space,
and the intersections of these surfaces with the Hl9 h3 plane will
now be considered.

In the hl9 h3 plane, the locus of points satisfying Eq. (28) is
the circle C and the straight line

(a3 — a2)h3 + chv — a3hr = 0 (31)

The locus of points defined by Eq. (29) is a hyperbola crossing
the h3 axis at hr and the origin, and the hi axis at ̂  = a3hr/c.

The locus of points satisfying Eq. (30) is the circle C and the
straight line.

(a2 — a^hi — ch3 + chr = 0

For a positive i the integral is a hyperbola in the hl9 h3 plane.

(32)

All these different loci are depicted in Fig. 2. The common
intersections of the three previous loci fulfill simultaneously
Eqs. (28-30) and consequently define the equilibrium points of
the system, provided they are inside the circle of existence C.

As can be seen, from the example considered in Fig. 2, there
are six valid equilibrium points. Four of these points are the
result of the intersection of the hyperbola and the circle C. The
triple intersection of the two straight lines and the hyperbola
corresponds to a double equilibrium point on the sphere S, for
positive and negative /*2, respectively. This intersection has co-
ordinates hl = ca2hr/i9h3 = [a3(a2 — al) + c2]hr/i, with i as
defined in Eq. (24).

It can readily be shown, by simple algebraic manipulations,
that the equilibrium points belonging to the circle C corre-
spond to the cases where the complete integral (the conic cylin-
der) obtained in the previous section is tangent to the sphere S.
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As already indicated, hr is the system parameter. As seen in
Fig. 2, increasing or decreasing the value of hr will shift the
hyperbola as well as the two straight lines, upwards or down-
wards, respectively. This modifies the position of the equi-
librium points and, even more fundamentally their number.
Varying hr, the system will have at the most six equilibrium
points and at the least two equilibrium points.

For example, for hr = h (the entire system momentum is in
the rotor) the system has only two equilibrium points, one just
at the top of the circle C and the other close to its bottom.

Now, depending on the values of the moments of inertia, the
triple crossing point can be on the left or right hi9 /*3 half plane.
This depends on the same constant i that defined the integral
conic type.

For positive /the intersection is in the right half plane, and
for negative i in the left half plane. For / = 0, the two straight
lines defined by Eqs. (31) and (32) are parallel. As before, the
sign of i is determined by the relative values of the moments of
inertia.

The system integral curves will now be presented as func-
tions of the system parameters, hr and the system moments of
inertia.

Figs. 3 and 4 show, for different values of hr, the two cases
of a prolate and oblate spacecraft. Depending on the value of
hr, both positive and negative, the system has, as was already
shown, a maximum of six equilibrium points and a minimum
of two. In the case of six equilibrium points, those on the circle
C, four in number, are centers and the two internal points to C
(corresponding to positive and negative /*2) are saddle points.
For the case of two equilibrium points, both of them are
centers.

Core Energy
It is our purpose now to establish a relation between the

system integral curves and the gyrostat energy.
For the free-torque case it can be shown that the kinetic

energy is a complete integral of the free-torque gyrostat equa-
tions of motion,1 or, in other terms, the gyrostat integral curves
are lines of constant kinetic energy.

For the case here studied, torque is to be applied to maintain
a constant relative rate. It should be expected, then, that the
gyrostat integral curves are no longer lines of constant kinetic
energy.

What is, then, the relation between the system energy and its
integral curves?

In order to provide an answer, the concept of core energy, as
proposed in Ref. 8 and further developed in Ref. 9, will now be
reviewed. >

The core energy is defined as being equal to the total kinetic
energy of the spacecraft minus that portion of the rotor energy
that is due to the relative rotation between the rotor and the
platform. The main idea behind this definition is to obtain a
positive definite function, eliminate the effects of energy
sources, and be able to apply energy-sink concepts. Clearly, if
the nutation angle undergoes a change, the gyrostat total angu-
lar momentum component along the spin axis also changes.
Since, in the absence of an applied torque, and independently
of the nutation angle, the absolute angular rate of the symmet-
ric, balanced rotor along the spin axis is a constant, energy
must either be put into or removed from the system in order to
maintain the rotor at a constant relative speed. The core energy
puts aside this energy term.

The energy due to motion of the rotor relative to the plat-
form is defined in Ref. 8 as

Em = 1/2 - I«(wP + HV) T(wP + HV) - 1/2 • (33)

It is worthwhile to note the relation of this energy term to the
power expended, or absorbed, to keep wr constant.9 This elec-
tromechanical power Pm is defined by

Pm = Twr (34)

where T is the torque required to maintain a constant relative
rate. This torque T is defined by the rotor moment equation
and for the case of a constant relative rate is given by

(35)

where wP3 is the platform angular acceleration component
along the spin axis.

Fig. 1 The gyrostat axes.

Fig. 2. The equilibrium points.
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Fig. 3. Prolate gyrostat integral curves.

.Minivn tin

vMcu mum

Fig. 4. Oblate gyrostat integral curves.
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It follows, then, that

Pm = hrwP3

Differentiating Em with respect to time,

Em = hrwP3 = Pm

is obtained.
The spacecraft kinetic energy is defined by

where

(36)

(37)

(38)

(39)

is the column matrix of the three components of the rotor
absolute angular rate.

The gyrostat core energy is defined by

F — F — FLC — H, H,m (40)

Introducing E and Em from Eqs. (38) and (33), respectively,
into Eq. 40, and rearranging, results in

c = 1/2 •* (41)

Introducing wp from Eq. (3) into Eq. (41) and taking into
account Eq. (22) results in

Ec = l/2(h - hr) T[I] ~ \h - hr) = const (42)

The core energy is a constant along the gyrostat system integral
curves for a constant platform/rotor rate.

Because the system integral curves are lines of constant core
energy, the extrema of core energy will also be the equilibrium
points of the system, as will now be shown. The extrema core
energy states are the solutions10 of

8678/^ = 0,1 = 1,2,

together with Eq. (17), where

and p is a Lagrange multiplier.
The solutions of this system satisfy

ch\ - ch\ + (a3 - ajhfa + chrh3 - a^fa = 0

(43)

(44)

(45)

(46)

These are precisely the same conditions defining the equi-
librium points on the circle C: These equilibrium points are the
extrema of the system core energy.

A map of core energy can be now obtained by simply label-
ing the system integral curves with their constant respective
values. The results for the cases of a prolate and oblate space-
craft are presented in Figs. 3 and 4, respectively.

Platform Energy Dissipation
Core energy maps will now be used to study the gyrostat

behavior under passive energy dissipation.
In Refs. 8 and 9 it was shown that the following basic as-

sumption holds true: For an energy dissipating device in the
platform, the core energy is a decreasing function of time.

Under this assumption, and according to the core maps pre-
sented in Figs. 3 and 4, the following results can be stated.

Case A: /3 < 72 < I19- prolate gyrostat
For hr > ht the system has one globally stable equilibrium

point corresponding to h3 > 0.
From two to a higher number of equilibrium points, ht is the

transition value of hn as shown in Fig. 5a (see also Fig. 3).
For \hr\ <ht, the system has two stable equilibrium points,

for hl positive and negative, respectively.
For hr < — ht the system has one globally stable equilibrium

point with H3 < 0. The gyrostat acquires, at the equilibrium
state, an upside-down attitude.

Case B: 73 > 72 > I19 oblate gyrostat
For hr > ht the system has one globally stable equilibrium

point corresponding to h3 > 0. Note that ht is shown in Fig. 5b
(see also Fig. 4).

For \hr\ <ht, the system has two stable equilibrium points,
for h3 positive (upright attitude) and negative (downright atti-
tude), respectively.

For hr < —ht, the system has one globally stable equilibrium
point with h3 < 0. The gyrostat acquires at the equilibrium
state an upside-down attitude.

For hr — 0, the single spinner cases, the electromechanical
energy is null and the core and kinetic energy coincide. This is
clearly the only case where this occurs. In general, depending
on the value of hn the kinetic energy can decrease or increase
for a decreasing core energy. This was already pointed out in
Ref. 9.

Rotor Energy Dissipation
In all the previous works already mentioned, only the case of

energy dissipation in the platform was considered, although it
is clear that energy dissipation can be present in the rotor as
well. This is the case when, for instance, the presence of liquid
fuel sloshing in the rotor becomes the dominant energy dissipa-
tion mechanism.

Since from a mathematical viewpoint nothing apparently
differentiates the platform from the rotor, an entirely symmet-
ric analysis could, in principle, be utilized for studying the
effects of energy dissipation in the rotor. However, careful at-
tention is to be paid to the fact that in this study the rotor was
assumed symmetric and balanced, as opposed to an asymmet-
ric, unbalanced platform. The rotor tensor of inertia compo-
nents has the same values, both in rotor and platform
coordinates. This is not the case for the platform tensor of
inertia components.

Let us now derive for the rotor the expression for the core
energy.

The electromechanical energy as seen now from the rotor
can be defined as

E* = 1/2 • (wR - MV) - 1/2 - (47)

The corresponding core energy as seen from the rotor is defined
by

R — F — ER
JC — JZ, IL,m (48)

Now, even though the value of the electromechanical energy as
defined in Eq. (47) is independent of the system of coordinates,
the computation itself heavily depends on the choice of coordi-
nate system. Because the computation of each term should be
carried out with all the components defined in a single system
of coordinates, the expression of E^ can be most easily ob-
tained in platform coordinates and the following equivalent
form is to be employed:

£2 = 1/2- *T
P[IP}wP - 1/2 • (wp + MV)T[IP](wP + O (49)
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Fig. 5. The transition points.

Taking E from Eq. (33) and E% from Eq. (49), rearranging,
and taking into account Eq. (32), it is found that

E? = 1/2 • (wp 4- HvH/KHV + wr) (50)

Operating, rearranging, and taking into account Eq. 41

£? = £e + *a/K + i/2-»7l/K (51)
From the E* expression it can be readily seen that the core
energy, as seen from the rotor, is not constant along the gy-
rostat integral curves.

It is now worthwhile to find under what conditions the core
energy, as seen from the rotor, is constant along the system
integral curves. For this purpose E* is evaluated in rotor coor-
dinates. After some lengthy algebraic operations we find that

(52)

where [B] is defined by

cos(<Dr)

0
cos(Or)

0
(53)

with Or the relative rotor to platform angle.
The core energy derivative along the system trajectories be-

comes identically zero for two particular cases: 1) where
wr = 0, i.e, the single spinner, and 2) where the platform is
balanced and symmetric.

It should be remarked that the constancy of the core energy
along the system trajectories, as seen from the rotor, for a
symmetric and balanced platform, holds independently of the
rotor inertia tensor; this can be seen from Eq. (52). It can,

therefore, be stated in a general form, that the relation existing
between core energy and the system integral curves will hold
whenever either one of the dual spinner parts is symmetric and
balanced.

For the particular case of a symmetric and balanced rotor
and platform, the expression for E* becomes

where

(54)

(55)

In this case, it can be readily shown that the equilibrium point
h\ = h2 = 0, h3 = h (the upright attitude) is stable, under energy
dissipation in the rotor if

(a3 - a2)h + a3hp < 0 (56)

After rewriting this inequality in terms of the rotor and plat-
form absolute rates and rearranging, the result is

(57)

where WR is the rotor absolute rate along the spin axis.
This is precisely the same well-known result of the rotor

effective inertia ratio.5
For the general case of both rotor and platform, asymmetric

and unbalanced, the use of the core energy concept to prove
system stability under energy dissipation is still open to further
research.

Summary
In this work a study of the behavior of an asymmetric and

dynamically unbalanced gyrostat for a constant rotor to plat-
form relative rate. A parametric closed-form solution was ob-
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tained for the system integral curves and a geometric analysis
was performed of the system behavior. A relation was estab-
lished between the system integral curves and the core energy.
This relation was shown to exist whenever either one of the
dual spinner parts is symmetric and balanced. Based on this
relation, the system behavior under energy dissipation, either
in the rotor or platform, was studied and results were
presented.
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